It is well known that non-perturbative α ′ corrections to the SL(2, IR)/U (1) cigar geometry are described via a condensation of a Sine-Liouville operator that schematically can be written as W + + W − , where W ± describe a string with winding number ±1. This condensation leads to interesting effects in the cigar geometry that take place already at the classical level in string theory. Condensation of the analytically continued Sine-Liouville operator in the Lorentzian SL(2, IR)/U (1) black hole is problematic. Here, we propose that in the black hole case, the non-perturbative α ′ corrections are described in terms of an operator that can be viewed as the analytic continuation of the fusion of W + and W − .
Introduction
Non-perturbative α ′ corrections to the SL(2, IR)/U (1) cigar geometry [1] [2] [3] [4] [5] are described [6] [7] [8] [9] [10] [11] [12] in terms of a condensation of a Sine-Liouville operator, λ W (W + + W − ), where
φ is the linear dilaton direction, with a slope Q, x = x L + x R is the Euclidean time direction, with periodicity β, 1 and λ W is the size of the winding condensate. These stringy corrections, that are referred to as the FZZ duality [6] (see also [7] ), led [13, 14, 15] to intriguing effects, already in classical string theory on the cigar.
The SL(2, IR)/U (1) black hole (BH) geometry can be obtained from the cigar geometry via an analytic continuation. This coset CFT is particularly interesting in string theory, e.g. since it is obtained in the near horizon limit of k near extremal NS5-branes [16] (with Q 2 = 2/k). It would be very helpful to understand the non-perturbative α ′ corrections to near extremal NS5-branes; these could possibly teach us some general lessons about horizons and BH interiors in string theory. Naively, we simply have to Wick rotate (1.1),
to obtain
where t = t L +t R is the real time direction (t = ix), but a subtlety with the operators (1.2)
is that they are not mutually local with vertex operator that amount to energy eigenstates.
A seemingly orthogonal question about this model was raised recently; it is related to the argument [17] that folded strings [18, 19, 20] The aim of this note is to address these questions. We recall [21] [22] [23] [24] that, in addition to (1.2) , there is another non-perturbative (1,1) operator, denoted by F , whose underlying AdS 3 parent is invariant under the SL(2, IR) L × SL(2, IR) R current algebra; thus, it condenses. We argue that it amounts to the BH filling folded strings. F is not an ordinary vertex operator; for example, it does not appear to be well defined for generic Q, and the 1 In the superstring, (1.1) is an N = 2 Liouville superfield, with β = 2π Q √ 2α ′ , while in the
size of its condensate diverges for Q's that amount to integer k's. We show that these problems are resolved by thinking about F as the fusion of W + and W − ; schematically,
We are thus led to suggest that, while in the cigar geometry the non-perturbative corrections are described in terms of W ± , when we analytically continue to the BH geometry, W + is combined with a W − to form an F (see figure 1) , which describes the non-perturbative α ′ corrections in the BH geometry. This is consistent with the fact that F is mutually local with standard vertex operators in the BH geometry. The rest of this note is organized as follows. In section 2, we discuss W ± and F in AdS 3 , and in section 3, we focus on the SL(2, IR)/U (1) cigar. In particular, we show that F is the fusion of W + and W − , and sharpen the relation between them both from the CFT and space-time points of view. Moreover, we propose that while W + is the wave function of the string condensate, and W − its conjugate, their fusion F can be viewed as the probability density. Section 4 is devoted to the SL(2, IR)/U (1) BH. There, we emphasize the challenge in describing the non-perturbative α ′ effects using W ± , and argue that F should be identified with an interior filling folded string. In section 5, we estimate the folded string radiation, and find it to be thermal with Hawking's temperature.
AdS 3 and (1.3)
The operators W ± in the SL(2, IR)/U (1) coset CFT, (1.1),(1.2), are reduced from their underlying AdS 3 parents, which we denote by W ± as well, in a standard way; below, we briefly review (for details see e.g. [15] ) some properties required to show the precise meaning of their fusion to F , (1.3). Consider the sigma-model on AdS 3 , in Poincaré coordinates,
where γ ± = t ± x and z ± = τ ± σ are light-cone coordinates on the boundary of AdS 3
and on the worldsheet, respectively, φ is the radial coordinate on AdS 3 , and k is the level of the left and right-moving SL(2, IR) current algebras. 2 To describe W ± and F , it is convenient to use the Wakimoto representation [25] , which amounts to adding auxiliary fields, β ± , and replacing (2.1) by
with
integrating out β ± in (2.2) (and rescaling the remaining fields) one gets (2.1). An advantage of working with (2.2) is e.g. that near the boundary, φ → ∞, the theory becomes a free CFT that describes a linear dilaton and a β − γ system. The last term in (2.2) can be viewed as a marginal perturbation, which is a singlet of the SL(2, IR) L × SL(2, IR) R current algebra; a.k.a. the operator I is a screening operator. There are three other screening operators, W ± and F . Next, we first describe F .
In terms of the Wakimoto variables, F is
One can verify [23] that this (1, 1) operator is a singlet of the SL(2, IR) L × SL(2, IR) R current algebra, and thus it should be added to the interaction Lagrangian (2.2),
In the superstring, the total level of SL(2, IR), k, receives a contribution of k b = k + 2 from a bosonic sigma model of the form (2.1), and an additional contribution of −2 from three free fermions in the adjoint representation of SL(2, IR); in this paper, we work in the bosonic string, but parameterize the level by
The relation between λ F and λ was fixed in [24] , by calculating residues of poles that (for generic k) cannot be obtained using I,
Note that, at least for non-integer k, F is not well defined, since it contains non-integer powers of the fields. The calculations in [24] were done via a continuation from integer k's;
we shall get back to this issue momentarily. Now, we turn to the W ± parents; in terms of their SL(2, IR) quantum numbers, j; m,m, they take the form (see e.g. [15] for details)
where ω is the winding around the boundary circle. Since they, as well as I and F , commute
there we viewed them as operators in the coset CFT, and here we pointed out that they exist already in the underlying CFT on AdS 3 . In particular, we can thus read off their behavior at large φ from (1.1); it is W ± ∼ exp(−φ/Q), in harmony with (1.3) and (2.4).
The above discussion implies [15] also that W ± in (2.7) are the generalized FZZ duals of I. Hence, since I condenses, they must condense too, a.k.a.
This may appear to be in tension with (2.5), but since, as we show in the next section, F is an integral over the OPE of W + and W − , there is no need to add to (2.8) the λ F F condensate of (2.5). This leads us to conjecture a duality, that at first seems strange, between (2.8) and (2.5). The operational meaning of the duality is that the non-perturbative α ′ corrections can be described either in terms of (2.8) or in terms of (2.5).
For this duality to hold, it must be that, inside correlation functions in AdS 3 ,
with a C that is compatible with (2.6) and other known results [8] . Since W ± and F (as well as I) are singlets of the SL(2, IR) L × SL(2, IR) R current algebra, (2.9) (as well as (2.5) and (2.8)) should hold for any coset or orbifold of AdS 3 . In the next section, evidence for the duality is provided in the SL(2, IR)/U (1) coset CFT describing the Euclidean cigar, where some aspects of the calculations are easier. Here, we comment that, if correct, (2.9) clarifies the puzzle concerning F : the operator F is not well defined for generic k, since it is not a fundamental field, but rather a composite operator, that should be viewed as a bound state (in the worldsheet) of W + and W − , which are well defined operators for generic k.
The cigar and (1.3)
In this section, we inspect the cigar SL(2, IR)/U (1) coset CFT, and discuss (1.3) in more details. In the first subsection, we focus on the CFT point of view, in particular, on (2.9). In the second subsection, we consider some target-space aspects of (1.3).
CFT point of view
In the previous section, we argued that (1.3) has a precise meaning: F should be viewed as a bound state of W + and W − in the sense of (2.9). This is a strong claim: it implies that in correlation functions we can replace integrals over pairs of W + and W − with F 's, e.g. that
Taking into account the combinatoric factor, which on the l.h.s. of (3.1), obtained by 2 , whereas in the calculation based on (2.5) on the r.h.s. is just 1 n! , (3.1) implies that the integrals over z j on its l.h.s. must only receive contributions from regions where each of the W + 's approaches one of the W − 's (i.e. one of the z j is close to one of the w l ), and the contribution from one such region is given by the r.h.s. of (3.1). This is the essence of the conjectured duality between (2.8) and (2.5). In fact, it was already shown in [24] , in some non-trivial cases, that if one replaces the Lagrangian (2.8) by (2.5), and focuses on the coefficient of λ n F , instead of λ 2n W in (3.1), one gets correct results (if (2.6) is satisfied).
Next we calculate C, and verify that its value is self-consistent with the above duality.
For this purpose, it is sufficient to look at
To find the contribution to the integral over z from the region where z is close to w, we work with a Euclidean worldsheet, and use the free field OPE of the operators (1.1),
where we set α ′ = 2. To focus on the contribution of the region z → w, we expand the exponential in z − w. Keeping only the first non-trivial term, we have
where ≃ in (3.4) stands for the fact that we neglected higher powers of z − w and it's c.c.
in the exponential. Plugging (3.4) into (3.2), and using the identity
with α = −k − 1, the integral over z in (3.2) gives
The operator inside the correlation function (3.6) can be recognized using the results of [27] to be the leading contribution to F (2.4). Hence,
One can combine (3.7) with (2.6) to find a relation between λ W and λ I ,
which agrees 6 with [8] . 4 It is curious that a similar consideration, referred to as a "curious result," appears in [26] , while considering other aspects of BH physics. 5 The fact that in (3.6) we only get the leading term in the expansion of F is due to the fact that we truncated the expansion of (3.3) at first order. The higher order terms in F come from higher order terms in that expansion. 6 Up to a sign, which is due to a different convention for the couplings.
To recapitulate, note that the authors of [24] actually showed that the calculation based on the r.h.s. of (3.1) gives the correct result for the special cases of the two and three point functions. Our proposed duality implies that their results should generalize to arbitrary correlation functions. Moreover, the discussion above does not explain the duality, that is how come the l.h.s. of (3.1) and its r.h.s. agree. The phenomenon here is reminiscent of confinement, with the winding operators W ± playing the roles of quarks and anti-quarks, and F playing the role of a meson. Needless to say that it would be very helpful to understand the mechanism behind this "confinement." A partial explanation is provided by a Gross-Mende like reasoning [28, 29] . Consider, for example, the l.h.s.
of equation (2.9). Equation (1.1) implies that there is an attractive potential on the worldsheet, V ∼ k log |z − w| 2 , between W + (z) and W − (w); it is likely that this is part of the explanation for the formation of F .
Space-time point of view
In this subsection, we discuss the space-time interpretation of W ± , F and the relation between them. Here, we consider the cigar geometry, but this will be proved useful also in the BH case, discussed in the next sections.
Let us first review [12] the effective space-time action that determines the φ dependence of W ± . Consider a string that winds the Euclidean circle in the cigar geometry,
We present the fermionic case, and set α ′ = 2. Its effective space-time action reads [12, 30] 
where
The −1 comes from the fact that a string that winds the Euclidean time direction is a tachyonic mode (see e.g. [31] ) and the second term is the energy associated with the winding of the string. This action admits a zero energy solution [30] ,
At large φ, it behaves like exp(−φ/Q), as it should, (1.1). This approach, however, reveals the profile of W ± at smaller φ. In particular, we get Ψ ± ∼ exp(−φ 2 /4) for φ ≪ √ k. It is natural to interpret Ψ ± (φ) as the wave function of the string condensate in the cigar.
Support for this interpretation comes from the following consideration, that goes back to [32] . There, a temporal Wilson loop [33, 34] at the boundary was identified in the bulk with a string that wraps the cigar. In a closely related setup, this approach was used to determine the analog of λ W [35] . Here, we point out that the same approach can be used to determine, in the spirit of [36] , Ψ ± (φ). The saddle point approximation of Ψ ± (φ) is
where S ± W (φ) is the Nambu-Goto action of a string that wraps the cigar from the tip to φ,
Indeed,
in agreement with (3.12). In the above, Ψ + = Ψ − and thus the wave function is real.
This, however, is not quite the case. A B-field will contribute a phase exp ±i φ 0
B to Ψ ± , as expected from a wave function of a string that winds around a circle. The sign dependence comes from the orientation of the string that wraps the cigar. Since the cigar is two dimensional, it contains no H field and so we can set B = 0. However, one may also consider a gauge transformation, B = dA, where A is a one-form gauge parameter, in which case it is the phase of Ψ ± (φ), 7 a.k.a.
There seems to be a natural interpretation to F as well; its φ profile is the square of the profile of W (see e.g. (2.4) ). In terms of a string configuration, this is due to the fact that F is identified with a folded string that goes all the way from the tip to φ and back, while wrapping the Euclidean time direction. This configuration, that does not solve the 7 This gauge redundancy is related to the freedom to add an arbitrary constant to the argument of the cosine in the Sine-Liouville potential λ W (W + + W − ), (1.1). 8 In [32] , the phase of the wave function of the string played an important role in determining when the temporal Wilson line condenses (see also [37] ).
equations of motion at the fold, is closely related to the worldsheet instantons of [38] (that also do not solve the equations of motion), and its action is twice that of (3.14). Hence,
which agrees with (2.4) at large φ.
The profile of F does not contain a phase, since the configuration associated with it has no boundary. This, and the discussion above, suggest that the φ profile of F may be interpreted as the probability density, ρ(φ). From this point of view, the interpretation of (1.3) is simply that
These considerations suggest that F and W ± describe the same object -the string condensate. W ± describe its wave function while F describes its probability density. At first, this seems to be in tension with claims made in the previous section. There, we argued that F can replace W ± , which implies that it contains the same information. Normally, due to the phase, the wave function contains more information than the probability density.
Here, however, the phase contains no information, as it can be gauged away.
Lorentzian black hole
The discussion in the previous sections implies that in the SL(2, IR)/U (1) cigar, F describes the same non-perturbative α ′ corrections as W ± . Still, since F can be viewed as a "bound state" of W + and W − , it seems to be less fundamental than W ± . In this section, we argue that, in a certain sense, the opposite is happening in the SL(2, IR)/U (1) BH theory. Working with F seems to be straightforward, while working with W ± is challenging.
Let us start by describing the subtleties in working with W ± . For this, it is sufficient to consider the region far from the BH. There, the background is described by a time direction t times a linear-dilaton direction φ. Standard states in this background carry energy, E, and are represented by vertex operators, V E , which behave like
where t L,R are the left and right-handed modes of t = t L + t R on the worlsheet. The problem with W ± , which in the Lorentzian BH take the form (1.2), is that they are not mutually local with V E . In fact, they are not mutually local in an intriguing way; when W ± goes around V E it picks up a Boltzmann factor exp(±βE). This reflects the thermal nature of the BH, that is manifest by the fact that t is periodic in the imaginary direction, t ∼ t+iβ. Namely, when W ± goes around V E on the worldsheet, it shifts t in the imaginary direction, t → t ± iβ, in space-time. As far as we can see, at the moment, this observation does not help in utilizing a direct prescription for well defined string theory calculations.
The problem remains: typical correlators take the form 2) and the fact that W ± (1.2) are not mutually local with V E (4.1) implies that the integrals over the z ′ s and w ′ s are not well defined.
9
Working with F , on the other hand, we do not encounter this subtlety. Since F carries no winding, it is mutually local with V E . Therefore, correlators of the form
do not involve the issue discussed above. In other words, via the analytic continuation of meaning in the BH case. Indeed, the discussion at the end of the previous section implies that F should be identified with the folded string that fills the entire BH, discussed in [17] .
To make this precise, it is helpful to use the Hartle-Hawking (HH) wave function [36] approach, in which the initial condition for the state in the Lorentzian section is determined by the Euclidean section. As described in the previous section, in the cigar, the space-time interpretation of F is of a folded string instanton, that goes all the way from the tip to a certain φ and back, while wrapping the Euclidean time direction. The HH procedure instructs us to cut the cigar into two halves and analytically continue the upper half into 9 It is reasonable that this issue, which appears already in AdS 3 when working in the hyperbolic J 2 basis, is related to the fact that we are considering a non-trivial Lorentzian space-time -the quotient of SL(2, IR) in the J 2 direction, while embedding in it a Euclidean worldsheet.
the Lorentzian section. The analytic continuation does not involve φ, so it does not affect (3.17) . We thus interpret (3.17) as the probability for the folded string to escape a distance φ outside the BH.
This goes well with [17] . Classically, a string that is outside the SL(2, IR)/U (1) BH cannot fold towards the BH [39, 17] . This is the reason why the classical folded string lives entirely inside the BH. Perturbative corrections in α ′ cannot change this. Equation (3.17) implies that non-perturbative effects in α ′ can. According to (3.17) , as we increase φ we decrease, exponentially fast, the probability to find a folded string.
A couple of comments are in order:
(1) In [17] , it was argued that the folded string that condenses does not break the symmetries of the BH geometry. In particular, its energy vanishes. This is in agreement with the fact that the operator F is a singlet of SL(2, IR) R × SL(2, IR) L .
(2) As was argued above, the condensation of F appears already on the sphere. Thus, we expect the number of folded strings to scale like 1/g 2 s . This is a necessary (but not a sufficient) condition for the conjecture made in [40] , that the back reaction of the folded string cloaks the BH.
To recapitulate, the picture that emerges from this, and the previous section, is that in the Euclidean section, the non-perturbative α ′ corrections are described more naturally in terms of W ± , while in the Lorentzian section, in terms of F . This suggests that a stringy way to present the HH wave function, taking into account the non-perturbative corrections in α ′ , is figure 1.
Folded string radiation
In this section, we take advantage of the fact that F describes a folded string, to estimate the folded string radiation. We show that it is thermal, with the same temperature as the Hawking temperature.
As discussed above and in [17] , classically, the folded string is leaving inside the BH.
Outside the BH, the folded string has a profile (3.17) , that describes how it tunnels into the classically forbidden region outside the BH. The fact that the folded string has a tail outside the BH implies that a piece of it can break away and radiate to infinity. For this to happen, the folded string has to break at some point, φ B , outside the BH. The probability for a folded string that is stretched to φ = φ 0 to break at φ B goes like
The factor of g 2 s is standard in string theory. The factor of cosh −2k (φ 0 / √ 2k) is the probability to have an initial state of a folded string that is stretched all the way to φ 0 . When the folded string breaks, one side of it can fold classically towards infinity [39, 17] . Hence, this folding does not lead to an extra suppression. However, the other side needs to fold towards the BH. This is forbidden classically, but, as discussed above, can happen nonperturbatively in α ′ . This leads to the factor of cosh −2k (φ B / √ 2k) in (5.1). Given an initial state of a folded string, that is stretched all the way to φ 0 , it is clear that in order to maximize (5.1), we should take small φ B ; that is the string breaks just outside the horizon.
In that case, we have
This quantity behaves like exp(−βE), where β is the inverse Hawking temperature, and E is the energy of the piece of the broken folded string that can now escape to infinity, E = 2 4π
where again we are working with α ′ = 2.
Some comments:
(1) This calculation is the Lorentzian analog of the Euclidean calculation presented in subsection 3.2.
(2) The discussion here is schematic. For example, it is done in 2d, where there are no propagating degrees of freedom; a more precise analysis must involve polarization in the other directions.
(3) Note that (5.2) scales like g 2 s . Since, as argued before, the number of folded strings scales like 1/g 2 s , the total energy flux does not depend on g s (as it should). The main point here is that, unlike in Hawking's calculation [41] , where nothing (or more precisely the BH vacuum) is burning, here something -the folded string -is burning at the same temperature. We have seen this before many times in string theory (for reviews, see e.g. [42, 43] ), where by going to weak coupling, the BH radiation is replaced by a system of burning D-branes. The novelty here is that we see the burning objects on the gravity side.
